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We consider Euler fluids on a rotating sphere and prove the Liapounov stability 
for a class of stationary, eventually nonsmooth flows. In particular, in the smooth 
case, we adapt to our context the classical Arnold method. 0 1988 Academic Prraa, 
Inc. 
The nonlinear stability of smooth stationary Euler flows has been mainly 
investigated by Arnold in [l-5]. His results are generally obtained by 
applying variational techniques to a Liapunov functional constructed by 
the energy and the vorticity of the system. For a complete review on results 
in this setup see [6] and references therein. On the other hand, many 
classical problems in geophysics are concerned with nonsmooth Euler 
flows, as, for example, vortex patches (Helmoltz vortex rings, Hill spherical 
vortex, Kirchoff elliptic vortex, etc.), n-vortices systems and others. Some 
recent results on these topycs can be found in [7-121. The methods used in 
these papers are different from the Arnold one, which depends in an essen- 
tial way on the smoothness of the flows. In particular, if the physical 
problem presents some symmetries, other first integrals are available 
besides the usual ones, and this allows the authors to prove in a simple way 
the stability for nonsmooth flows. These results in particular show that all 
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coefficients appearing in the stability estimates do not depend on the 
regularity of the state under consideration. 
In this paper we consider Euler flows on a constantly rotating sphere 
which are an approximation to many real flows in oceanographic 
problems, and we prove the Liapunov stability inthe Y’-norm of a class of 
stationary, eventually nonsmooth flows belonging to Y’+&. To do this, we 
introduce a functional which is constant along the motion of the fluid, 
because of the symmetry of the physical problem. This functional will be 
used in the conclusive convexity inequalities. We want to stress that putting 
this first integral in place of the energy in the Arnold method allows us to 
prove stability for a wider class of stationary states, since piecewise con- 
stant solutions are not excluded. The /?-plane approximation, widely used 
in the study of geophysical flows, can be studied by exploiting exactly the 
same techniques as those used in this paper (for a recent stability result on 
the b-plane see [ 131). 
In Section 1 we introduce the Euler equation on a rotating sphere and 
state our main result, which is proved in Section 2. Classical references for 
Euler flows on a rotating sphere can be found in [14]. 
For the sake of completeness, in Section 3 we study also stability inthe 
smooth case by adapting to our context the Arnold method. 
1. POSITION OF THE PROBLEM AND STATEMENT OF THE MAIN RESULT 
Let us consider the motion of an ideal, noncompressible and nonviscous 
fluid on a spherical surface C which rotates around one of its symmetry 
axes with constant angular velocity Q. Calling 8, q the spherical coor- 
dinates and assuming the radius to be one, the equations of motion for the 
fluid are the following: 
0 = curl u (1.1) 
div u = 0 
with the symbols having the following meanings: 






sin 0 a0 u,sin8)--uu, a9 1 vorticity 
f =2Qcos0 Coriolis parameter 
material derivative. 
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Equations (1.1) must be completed by the physical impermeability 
condition 
By a direct inspection of Eq. (1.1 ), we see that the “relative vorticity” w +f 
is preserved along the flow lines induced by the solutions of the following 
Cauchy problem: 
dz 
- = u(z) 
dt 
z(0, z) = z 
(1.3) 
where z = (0, cp) and u = (u,, u&in 0). Hence, calling T, the one-parameter 
family of applications of Z into Z which solves ( 1.3), a solution of (1.1) 
o( t, 2) : = w,(z) satisfies 
w,(z) +.f(z) = wdT-,z) +.f(T-,z). (1.4) 
Since u is a solenoidal vector field, there exists Y “stream function” such 
that 
u=v~y’: ( i a~ aul -- -- sin 0 acp’ do > 
and Y satisfies the Poisson equation on the sphere 
AY= --w (1.6) 
with boundary conditions 
yY(o, cp)=h,, Y(n, cp) = h, 
h, and h, positive constants. Hence, Y is given by 
W=jzG( z, z’) w(z’) dcf 
(1.7 
(1.8 
where do’ = sin 0’ d%’ dq’ is the Lebesgue measure on the sphere and G is 
the fundamental solution of (1.6). 
As is well known, G has the following properties, which will be useful 
later: 
‘30, cp; 0’3 4) = G(e’, cp’; ‘5 cp) 
G(8, cp + h; O’, cp’ + h) = G(& cp; 8’, q’) (h E R) (1.9) 
const 
IVGk z’)l G ,z _ z,, 
(see, for example, [ 161). 
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In this paper, we are interested in weak solutions of Eq. (1.1); more 




u(z) = s V;G(z, z’) ~(2’) da’ 
z 
where we have set, for a function F, 
and where the boundary conditions are the same as in (1.2). By the 
Liouville Theorem, the measure da is preserved along the flow lines 
induced by U, so that a solution o, of (1.10) satisfies 
(w,+J g> = (w”+“c T-rg) (1.11) 
since 
T-,g(z) = dT-,z). 
We want to stress that the family T, is well defined for every value of t. In 
fact, choosing o E 3-‘*, p > 2, the velocity field u is bounded by property 
(1.9)(iii). This also implies that the solution w, to (1.10) does exist for any 
t, as is easily seen by standard arguments. 
Let us introduce the following functional: 
d(N=j cos f3( w + f ) da. (1.12) 
PROPOSITION 1.1. J is preserved along any solution w, of ( 1. lo), that is, 
40,) = J(Qh) 
if w, is the solution starting from wO at time 0. 
Proof. By the use of the Liouville Theorem and Properties (1.9)(i) and 
(ii), the proof is easily achieved by straightforward calculations. 1
We note that, as may be immediately seen, any function depending only 
on 0 is a stationary solution of ( 1.10). 
We will prove the following stability result: 
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THEOREM 1.1. Let 0 E 9(C), p = 2 + /I?, /I> 0, such that 13 =(3(e) is a 
nonincreasing (resp. nondecreasing) monotone, stationary solution of (1.10) 
depending only on 0, and let co0 E Y”(Z). Then, for any E > 0 there exists 
6 > 0 such that 
implies 
Il~,-~ll1<~ 
lb, - 4 I <E 
for any real t, w, being a solution of (1.10) starting from oO. 
2. PROOF OF THE THEOREM 
We begin by proving some partial results, which are intermediate steps 
in the proof of Theorem 1.1. 
For any function ?j E Yp(Z) and A > 0, let us set 
Bj.(rl)= {zEz I rl(z)>A} 
r(rl)= (11 E9p(C) I a(Bj.(~))=a(BJ,(~))~ vAbo}. 
PROPOSITION 2.1. Let v], ij be two functions such that 
monotone nonincreasing (nondecreasing), q E Y(f) and supzcz 
for some a > 0. Then 
ij=tj(e) is 
{IvL liil>Sa 
ProoJ: For any integer N, let us define the following functions: 
N-l a 
qNtZ) = c +4k 
k=l 
N-l a 
rN(z)= c p 
k=l 
where xa, and xak are the characteristic functions of the sets: 
Ak = &k,?-/(q), k = &k,,v(‘i 1. 
For the hypotheses on & A, is the following set: 
Ak={zECleE[0,ek],(PE[0,27c]} 
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with ek E [0,271-j. Furthermore, since q E 5-(q) it is 
c7(Ak\Ak) = a(&\A,) := p(k. 
Then, since cos 8 is a decreasing function in [0, rc] we have 
J(VN) - J(t7N) 
where 
h!; = {Zd 1 eE [ek, ek+h-], (PE [o, 2711) 
and h+, hp have been determined in such a way as to satisfy 
a(R:)=a(R,)=pk. 
Then, it easily follows that 
On the other hand, we have the following convexity estimate: 
IIvN-?N/ITG~~ 1:: i IIx,+-x.TII?. 
This implies 
Passing to the limit as n tends to infinity, Proposition 2.1 is proved via the 
Dominated Convergence Theorem. 1 
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PROPOSITION 2.2. Let q, f E Yn(Z:) such that fl = $0) is monotone non- 
increasing (nondecreasing) and 9 E r(ij). Then, .for any CI > 1, 
with c a positive constant and F a positive increasing function of llylll,, and
llrll,. 
Proof: For any CI > 1, let us set 
he= v 1 if ltll <cc M if 1~1 >a 
4 = rl- rlcz. 
(2.1) 
By Proposition 2.1 we have 
JWJ(rlP& Iltl,-r,ll:+J(R,)-J(B,) (2.2) 
with q, and R, being the analogue quantities of (2.1) relative to q. Since 
rj E S?(C), we can write 
Then, by the use of Tchebychev Lemma we have 
which implies 
<C,CI-P+l/I~I/; 
VCR,)-J(R,)I <cp+‘g, (2.3) 
with g, a positive increasing function of 11~ Jlp and Ilqll,. Moreover we have, 
from what we have seen above, 
Ilr-rll:GC2 IIvo-~x+~~P+l&. (2.4) 
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Since 
41) -J(f) 6 1111 -d 1 
(2.2), (2.3) and (2.4) imply the thesis. 1 
LEMMA 2.1. Given q0 E LZp(Z), we can construct Fj E Yp(Z) with the 
following properties: 
(i) 6 = $0) is a monotone nonincreasing (nondecreasing) function 
depending only on 0. 
(ii) q,~Y(ij). 
(iii) Vij E Y”(C) monotone nonincreasing (nondecreasing),function qf (3 
w’e have 
IIV - 1111 I G Il’lo - 1111 I.
ProoJ: For any I. > 0, let us introduce the quantity 
Bj, = arccos 
i 
1 - o(Bi(VO) 
27t i 
and the set 
R,= {Zig 18~ [O, ej.1, (PE [O, 2~1). 
(2.5) 
Then 
Let us define the following function: 
Q(0) = inf{i I Bi > 0). 
This function satisfies properties (i) and (ii). 
Let us set 
vl(E”) = o(Bj.(Q) A Bi(rl)) 
v2(n) = o(B?,(f) A Bi(90)) 
with A A B = A u B\A n B. The sets B,(q) and B,(q) are rectangles, one 
containing the other. Therefore 
v,(n) = s, Ixe,ctj, - ~e,c,,l da
(xmjj - xe,c,,) do 
409,129’1-1 
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and this implies 
We are now in position to prove Theorem 1.1. We denote by [, the 
“relative vorticity” o, + f, and stress ome facts: 
(a) lltr-~II1=ll~r-~lll; 
(b) If t,, E F-(l) then 5, E S(5) for t > 0 also, by the structure of the 
equation of motion and the Liouville Theorem. 
Let e= 63 +f be the function in 3?‘(C) constructed by lo in Lemma 2.1. 
By Property (i) of this lemma, r is a monotone nonincreasing (non- 
decreasing) stationary solution of Eq. (1.10). 
We want to extimate the quantity 115, - ?I1 ,
By Proposition 2.2, (b) and Proposition 1.1 we have, for any c( > 1 
(omitting the argument of F and noting that for every t: ll[,ll, = II&llp), 
114,-h ~c,(dX~,)-J(5”)1 +a-P+2F)“2 
=c3(&J(&,-J(r)] +LT-~+~F)~” 
with cj a positive constant and, by (ii) of Lemma 2.1, 
II~,-%II~~~~~~~ll5~-~ll,+ II~-~ll,)+~-p+2F)1’2. 
Let now 6 > 0 be such that 
II 50 - [II 1< 6 
(which means, by (a), [lo,, -W/l, < 6) and p is the function contructed in 
Lemma 2.1. Then, by its properties we have 
Ilt,-ell,at,-ell,+11~-~111 
< c,(2a6 + IX-~ + 2F)“2 + 6. 
Then, for a given arbitrarily small E > 0, we have (I 5, - g(i < E, provided 6 
is chosen sufficiently small and CI sufficiently large, both functions of E. 1 
3. THE ARNOLD METHOD 
To complete our analysis, we consider now the smooth version of 
Eq. (1.1) and state a stability result for stationary classical solutions. To do 
this, we exploit he Arnold technique, suitably adapted to our context. 
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First of all, we note that the boundary condition (1.2) becomes in this 
case 
40, cp) = 4% cp) = 0 vcp E [IO, 27r]. (3.1) 
Let us consider the following functional on the space u of solenoidal 
vector fields U: 
H(u,=;~ {u’+q@+f)+%cos8(co+f)) do (3.2) 
z 
where 4 is a function belonging to %7:‘(C) and 1, is a real parameter. 
Following classical rguments, from what we have seen in the last section 
we have 
Wu,) = Mu,) (3.3) 
for any real t, if u,= -V’A-‘co, with w, a solution of (1.1) starting from 
00. 
Let U = u(Q) be a stationary solution of (1.1) depending only on 0 and 
let us define the quantity: 
(3.4) 
with 0 = curl U and i the unit vector tangent to the curve 0 = const. Note 
that Q(i) is well defined, by the collinearity ofU, i and V’(W +f). Let us 
set, for any vector 0: 
lll~lll = I 4lZ + Ilcurl 41:. 
THEOREM 3.1. Let ii = U(0) be a stationary solution of (1.1) and let us 
suppose that, for some 1, there exist two positive constants c, and c2 such 
that 
Cl d Q(u) 6 c2. (3.5) 
Then, for any E > 0 there exists 6 > 0 such that 
Illuo - ~lll < 6 
implies 
III u,- 41 < E 
for any real t, u, being the solution of (1.1) starting from uo. 
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Before going through the proof of the theorem, we state a proposition, 
which can be easily proved by straightforward calculations. 
Let us consider the first variation of H in U: 
aH=/ {zL3ti+~‘(~+f)6~+~cos86~}do (3.6) 
z 
where 6U=u-U and &G=o-W. 
PROPOSITION 3.1. A sufficient condition for 6H to be zero is the 
following: 
$v’(O + f) = Q(U), 
Remark. We note that, since U is a stationary solution of (1.1) and 
ti=V’!F, then 0 +f and !F have the same level lines. This implies that 
there exists a function F such that p= F(0 +f), so that the equation 
d”(W +f) = Q(C) determines 4 up to constants. 
Proof of the Theorem. Let H be the functional defined in (3.2) with 4 
determined in such a way that d”(W + f) = Q(G). Let us denote by the same 
symbol C$ the q2-extension of 4 to the whole of C. Then, by Proposition 3.1 
we have 
H(u)-H(G)=& {Ju-U~2+qY'(~+f)~o-ti~2} da 
with q a function such that 
By the hypotheses we have 
t(llU-4:+CI lb-a:) 
Q H(u) - H(G) 
d;(Ilu-ull:+c, Ilo-0:). 
Then, for some positive constants a, and a, we have 
a, IIIu,- Ulll < H(u,) - H(G) = H(q,) -H(c) d a2 /lIu” - Ulll 
and this proves the theorem, choosing 6 -C &a, /a2. 1 
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THEOREM 3.2. Let ii = U(O) be a stationary solution of (1.1) and let us 
suppose that, for some A, there exist two positive constants c, and c2 such 
that 
-cl d Q(u) < -c2, c,>$+y,y>O. 
Then, for any E > 0, there exists 6 > 0 such that 
implies 
III u,- ifa < E 
for any real t, co, being the solution of (1.1) starting from o,,. 
Proof. It is well known that the eigenvalues of the Laplacian on the 
sphere are A,, = n(n + 1) with n E Z -/{ 0}, the absence of A,, = 0 being a con- 
sequence of Stoke’s Theorem. Then, developing all quantities in spheric 
harmonics and using Bessel’s equality, we have for any u such that 
o=curlu 
Ilu-ull;=(o, -dPw)<& Ilw-wll: (3.7) 
where (., .) is the scalar product in 92 and 2 = II, I. Then, proceeding as in 
the proof of Theorem 3.1, we have by assumption (3.6) 
(c2-f) llw-cill;<H(u)-H(ii) 
dc, lb-till: 
and this, combined with (3.6) allows the completion of the proof of the 
theorem. 1 
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